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Abstract—This paper considers a queuing system with repeated calls and heterogeneous cus-
tomers — a multiclass retrial queue. There are a limited number of arrival Poisson processes
and one server. If the server is idle at an arrival moment, a customer starts its service with
general distribution service time. If the server is busy, a customer goes to an orbit where it
performs a random delay distributed exponentially. For the model study, the method of the
marginal asymptotic-diffusion analysis under an equivalent long delay of all classes customers
in the orbit. As the result, the asymptotic stationary marginal probability distributions of the
number of each class customers in the orbit are obtained.
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1. INTRODUCTION

Retrial queueing system (RQ) is a class of queueing systems with repeated calls, which is the
most widespread mathematical model in IT-systems. The appearance of such models as a new
direction of queuing theory (QT) is associated with the development of telecommunication and
information technologies. It has been shown that classical models of queuing theory are not suitable
for describing some systems where repeated attempts occur. As an example in telephone systems,
if the first attempt to call is unsuccessful, a subscriber tries to call again after some random time.
Similarly, in communication networks, if a package is transmitted unsuccessfully (due to errors,
collisions, server unavailability), there is some delay before a new attempt of transmission. In [1, 2],
there are some examples of retrial queuing models application to call centers, cellular networks,
computer networks, distributed computing centers, etc.

The detailed description of RQ models is presented in [1, 3]. Despite of the large number of
studies, models with several types of customers are studied extremely rarely. The reason is more
difficult analytical study of retrial queueing models then other classes of queueing theory (there are
analytical formulas only for the simplest models). Also, the problem dimension grows with increas-
ing of the number of classes, so for RQ with N classes it is necessary to study /N + 1-dimensional
random process. In case of matrix methods applying [4, 5], the dimension growth has a power law.
The same difficulties arise in numerical methods and simulation [6, 7], but some authors propose
certain computational optimization algorithms [8].

Often in real communication networks, information is heterogeneous [9, 10]. Different types of
transmitted data or types of computational resource requests need different strategies and charac-
teristics of its service. Thus, the study of heterogeneous (or multiclass) models of queuing theory
is an urgent scientific problem.
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236 NAZAROV, FEDOROVA

Multiclass RQs are studied by scientific groups supervised by E. Morozov [11-13] and A. Krish-
namoorthy [14]. Also RQs with several arrival processes are considered in some papers by B. Kim
[15, 16], Y. Shin [17], S. Stepanov [8, 18], etc. Most of the papers [11-13, 15, 16] are devoted to
stability analysis of systems (both classical RQ and RQ with constant retrial rate). However, there
are no expressions for the probability distributions of the number of customers in the system in
this studies, usually only some average characteristics are derived. Of course, mean values and
stability analyzing are important in communication networks, but variances and especially types of
distributions, gives us a more complete picture. Especially in information systems, where situations
of the system overload or loss of information packages are highly undesirable.

In the paper, the original method of the marginal asymptotic-diffusion analysis is proposed for
a multiclass retrial queue. This method is the development of the asymptotic-diffusion method
outlined in [19, 20] to case of multi-dimensional random processes. The paper is an extension of
paper [21] to the case of general service time laws.

2. MATHEMATICAL PROBLEM

Let us consider a multiclass RQ of M,,/GI,/1 type. There are N independent Poisson arrival
processes of customers with rates \,, where n =1, N (so N classes of customers). There is one
server. If the server is idle, an arrival nth class customer starts its servicing during random time
with cumulative distribution function B, (x). It is assumed that the given distributions have finite
moments of the first and the second orders. If an arrival customer finds the busy server, it goes
to the orbit, where it performs a random delay. The delay time is distributed exponentially with
rate o, for the nth class customer. After the delay, a customer makes a repeated attempt to get
the service. If the server is idle the service begins, otherwise the customer returns to the orbit. All
customers in the orbit act independently of each other, i.e., there is the multiple random access
protocol. Arrival intervals, service times and delays laws of each class customers are mutually
independent. The model under consideration is schematically depicted in Figure.

Note that it does not matter to consider one common orbit for all classes of customers (but with
different parameters) or several orbits for each class. It is important to distinguish a number of
customers of each class in the system at fixed time moment.

M B,(x)

Multiclass RQ of M,,/GI, /1 type.
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METHOD OF THE MARGINAL ASYMPTOTIC-DIFFUSION ANALYSIS 237

Let i, (t) be a random processes of the number of the nth class customers in the orbit, n = 1, N,
k(t) define states of the server as follows: k(t) = 0, if the server is free, k(tf) = n, if the nth class
customer is servicing and z(t) be the remaining servicing time for the current customer on the
server.

We denote by P{k(t) =0,i1(t) = i1,i2(t) = i2,...,in(t) =in} = P(0,i,t) and P{k(t) =k,
i1(t) = i1,12(t) = d9,...,in(t) =in,2(t) < z} = P(k,1,2,t) the probability that the server has
state k and there are i = {i1,...,iny} customers in the orbit at time ¢, and the remaining ser-
vicing time is less than z. Process {k(t),i(t), 2(¢)} is multidimensional continuous-time Markov
chain. Let us write the following system of Kolmogorov equations for probability distributions
P(0,i,t) and P(k,1i,t)

N N
0 Olt Z nlOt (Z/\ +Zln0n> (0,1,1),

n=1
OP(k,i,z,t) OP(k,i,zt) OP ( i,0,t) (1)
= — P(k, t)
ot 0z 2:: L2
+ A P(0,1,t) By (2) + (i, + 1)o,P(0,1 + ey, t) ) + Z M P(k,i—e,, 2,t),
where 8P(]5’Zi’0’t) = 8P(g’zi’z’t)‘ o €k is vector of 1 x N size with unit kth element and zero others,
z=

k=T,N.

Let us introduce the partial characteristic functions

H(0,u,t) Z Z eI L L JUNIN P((), 4, 1),

Z10 ZNO

H(k,u,z,t) Z Z eI L L eJUNIN Pk, 2, t).

11=0 in=0

Then system (1) is rewritten as follows

OH(0,u,t) L 9H(n,u,0,t) N OH(0,u,t)

it St et e il St et At IV & 4 " 7
ot nz::l 0z (0,u,7) nz::l nt ZJJ U

OH(k,u,z,t)  OH(kuzt) OH(ku,0,1) N iV: (6 — DE(E . 2.8) (2)
ot N 0z 0z — " L

+ A\ H(0,u,t)Bg(z) — jake_j“k%’;’t)Bk(z), k=1,N.

The direct solving of system (2) is quite difficult, so we propose an original method of the
marginal asymptotic-diffusion analysis for its study. This method was developed by the authors
and tested for a simpler model in [21], where a fairly high accuracy of the method was shown by
comparing with its simulation, and this paper is an extension of research to the case of general
service laws.

3. MARGINAL ASYMPTOTIC-DIFFUSION ANALYSIS

The method of the marginal asymptotic-diffusion analysis is a development of the method of
asymptotic-diffusion analysis [19] to the case of multidimensional random processes. The considered
asymptotic condition is a condition of equivalent long delays of customers in the orbit.
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238 NAZAROV, FEDOROVA

The proposed method contains several stages, which will be presented as subsections:

1) derivation of “marginal” asymptotic equations for one-dimensional process i, (¢) (the number
of customers of the “marked” class);

2) deriving of the asymptotic characteristics: means of each class customers numbers and sta-
tionary probabilities of the server states;

3) implementation of the asymptotic-diffusion analysis for marked process i, (t).

Note that the using of the marginal asymptotic method and finding the marginal characteristics
of the model for each class does not mean that processes i,(t), n = 1, N are independent. This
method is a forced measure due to the impossibility of the multidimensional random process study-
ing by known analytical methods, but it allows us to find all characteristics of one-dimensional
processes.

3.1. Marginal Asymptotic Equations

The first stage of the proposed method consists in a deriving asymptotic equations for the
marginal probability distribution of the number of the marked class customers in the orbit. So let
us mark the nth class and study i, (t) as the marked process.

Any asymptotic method includes an introduction of an infinitesimal value. In the further study,
we will suppose that delay rates o, = 7,0 for v = 1, N,v # n, where ¢ — 0. In this way, there is
the asymptotic condition for a long delay condition or a equivalent increasing delay in the orbit for
all classes customers.

By denoting o = ¢, we introduce the following substitutions

(n

Uy = €wy, v =1,N, Z/#n; Up = U; W ):{wlv"'awn—lauvwn—i-la"'awN};

H(0,u,t) = F(0,w'™ 1), H(k,u,zt)=F(kw™, z1).
From system (2), we obtain the following equations under ¢ — 0

OFOw™,0) __p (o,w(">,t) ivj A, + ij%w
v=1 v=1 v

ot
v#EN

OF (O,W(”),t) N f: OF (V,w("),O,t)

Ouy, 0z ’

v=1

+Jon

OF (k w2, t)
ot
OF (k: w0, t)

_ (n) _

= ()\n (ejun . 1)) r (k,W(n),z,t) N OF (k,;/:")’z,t) ,

oF (O, w("),t)

Owk

Bk(z)ﬂ k 7é n,

oF (n, w2, t)

— </\n (ejun B 1)) F (n,w("),z,t) n aF(n,W("),z,t)

ot 0z
o (n,g:"),O,t) + 2 F (0, 1) By(2) —jone‘j“"wffn(z)'
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From the form of equations (3), it can be concluded that the solution of this system can be
written as follows

F(O,w(”),t) = H,(0,up,t) X exp {Z jw,,x,,} )
v#N

F(/{,w(n)’z,t) = H,(k,up, z,t) X exp {Z jwl,xl,} ,
v#N

where x,, are unknown parameters and functions Hy, (0, u,,t) and H,(k, u,, z,t) satisfy the following
system of differential equations

OH,, (0, uy, 1) al al
o VZJ” "
N v#EN
H nv )
+j0n6 () u Z (v, up, 0, t)7
8Hn(kz,un,z,t) B i OH, (k,upn, 2,t)
— = An (e — 1) Hy (kyup, 2, t) + R Fa— (5)
OH,(k,up,0,t
— O 0 050) 0, ) O+ ) Bi(2), k£,
OH,(n, up, 2, t) j OHy,(n, Uy, 2, 1)
= A\n i —1 Hy, s Un,y <,
5 An(e VHp(n,uy, 2, t) + 9,
OH, (v, uy, 0, ¢ iy, OHp (0, up, t
- % + A Hp (0,0, t)By(2) — jope™ ”#BH(Z)

Unknown functions H,,(k,u,, z,t) have the meaning of the asymptotic partial characteristic func-
tions of the number of customers of the marked class in the orbit. By solving system (5), we can
obtain the marginal distributions for each class of customers numbers. However, these equations
contain unknown parameters x, which defines the asymptotic means. In the next paragraph, we
will derive expressions for them.

3.2. Asymptotic Means

For finding of parameters x, k = 1, N, let us return to system (2) and write it under the steady
state.

dH (n,u,0) N N 8H 0, u)
N =0,
> MG 0w 3 hu+ Lim
OH(k,u,2)  OH(k,u,0) <. . 6
P P + nz::l)\n(e 1)H (k,u,2) (6)
FAGH (0, 1) By (2) — jake_j“k%Bk(z) =0, k=T1,N.

Summarizing equations for all k =0, N and taking z — oo, we obtain the following additional
equation called as a consistent equation

N
i, . OH(0,u)
nz::l (elUn — </\ Z H(k,u) + jope™ kTUk) = 0. (7)
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240 NAZAROV, FEDOROVA
Let us introduce the asymptotic substitutions in (6) and (7)
On =0, 0 =¢, U, =cwy,, H(0,u)=F(0,w,e), H(k,u,z)=F(k,w,z,¢).
Thus we obtain the following system

N
Z@F(n,w,o,f—:) F(O,w, ) Z)\ +Z]%6FOWE)

95 o~ 0l

n=1

817(k,VV,Z,E) a (k W, 0 E JEWn
o Z)\e VF(k,w,z,¢)

OF(0,w,e)
OU%

N N

» e, OF (0, W, €)

JEWn 1) [ N, F(k,w,z,€)+ jye /e —2""2] = O(e).
> (e )( k§:1 ( z,€) + Jk D ) (€)

+ A F(0,w, &) By (2) — jype 75"k Bi(z) =O(e), k=1,N,

After some mathematical transformations under € — 0, we have

N 9F(n,w,0) N 8F0 w)
> %, F ZA 2.0 =0,

n=1

OF (k OF (k,w,0
(k,w,2) (7W’)+Aﬂ%QWM%@)—T%
Oz 0z

N N
> jwn (x\n > F(k,w,2) + j Dwr

n=1 k=1

OF(0,w)
Jwy,

=0.

The solution of the system above has the form
N

N
F(0,w) =79 X exp {ijnxn} , F(k,w,z) =r,(z) X exp {ijnxn} .

n=1

From system (9), we obtain that
N

N
> rh(0) =10 > (An + nan) =0,

n=1 n=1

71.(2) = 73,(0) + 1o Bi(2) (A + k) = 0, k = 1, N, (10)

drn (z
where 77, (0) = % o

Let us denote K, = A\, + YnZn. Then the following expressions are derived from system (10)
() =rom [ (1= Bua)da, m=bi, (1)

where ki = A\g/ro, k=1, N, b,(cl) Jo° (1 = Bi(z))dz and rq is defined from the normalization
condition as

N N -1
rog=1-— Z rL Or Tg = (1 + Z /ﬁkb,(j)> . (12)

k=1 k=1

So the asymptotic means of each class customers numbers are my = (kx — \i), where ki = A /rg.
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3.8. Asymptotic-Diffusion Analysis

Let us return to equations for the marked process (5). We write the consistent equation by
summing all equations for z — oc.

OHy(un,t) al i OHL (0, 1y, 1)
G\ Uns V) giun 1) (A, ST Hy(k, up, t peun ZAn D Un, U 13
i = (@ 1) [ 32 Bl 1) o S (13)
3.3.1. First Asymptotics. Let us denote
Op=¢€, Opt =t =17, U, = cw,
Hn(o?un’t) = Fn(()?w?T?E)? Hn(k?un?z?t) = Fn(k7w?T7 275)'
We substitute the notations into equations (5).
aFn(O? w7 7—? 6) N
ET = _Fn(07w7775) An + v;l Ry
N vEN
OF,(0,w,T,€) OF, (v, w,T,0,¢)
T ow * ;::1 0z '
aFnkv s 1y <y i 8Fnk7 s 1y <y
BT _ ) (@~ Bk, w,7,e) + BT 20 (1)
8Fn k? ) ?07
- ( ;U i E) + Fn(oawaT) E)Hk’Bk’(Z)v k 7& n,
z
Fn y Wy Iy <y 1 Fn s My ly <~y
58 (n,w,T,2,¢) (€5 1) Ey(n, w7 2, 2) + OF,(n,w,T,z,€)
or 0z
Fn ) b ) b . y 8Fn 07 b )
_9F(n,w,7,0,¢) + M Fn(0,w, 7,6)Bp(2) —je_jewMBn(z).
0z ow
From equation (13), we have:
N N
OF, (k,w,,¢) j e OFR (0, w, T, €)
y Wyl _ ew 1 " Fn W, T, jew y Wyl ] 1
EZ—&T (e ) A Z (k,w,T,€) + je B W (15)
k=0 k=1
Under limit condition € — 0, equations (14) are written as
N N
 OF,(0,w, 1) OF, (v, w,0,7)
—F, (0, w, An v —_— —— =0,
(0,w, ) + Uz::l Ky | +J B + vz::l 5%
o (16)
aFn kv g aFnk’ 70’
( o2 T) - ( 2 T) +Fn(07w)7)/€k’Bk(Z) =0, k 7& n,
0z 0z
Fn b ) ) Fn b ) b . Fn b )
Ot 27) O 00T 4y o (0.0,7)B,(2) — 20T () o,
0z 0z ow
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242 NAZAROV, FEDOROVA

The form of equations (16) lets us make the conclusion that functions F,(0,w,7) and

F,(k,w,z,7) can be written as
Fo(0,w,7) = Ry ()7, )
, 17
Fn(k) w, z, 7-) = Rk(x¢ Z)e]w'x(T)a

where index n (the number of the marked class) is missed in notations Ry(z) and Ry (x, z), however,
we need keep in the mind that the expressions for these functions will differ for each class. Further,
to simplify the expressions, we will write x instead of z(7).

By substituting (17) into (16), we obtain

N N
OR,(x,0)
——— =R An v ;
Uz::l P o(z) + Uz::l Ky + T
vEN
(18)
OR,(x,z)  OR,(x,0)
= — B An .
- L2~ Roa) Bi(2) (A + )
It is easy to derive that
Rp(z,2) = nk/ 1 — Bg(x))dx, k # n,
0 i (19)
Ru(, 2) = Ro() (0 + ) / (1= By(x))da.
0
For z — oo, we obtain
Ri(w) = o)y, k #n,
(20)
R,(z) = Ro(z) (A + )bV,
where Ry(z) is defined by normalization condition
-1
N
Ro(x) = | 1+ (O + )b + 3" mblV | (21)
k=1
vEN
Let us return to equation (15). We perform some transformations and write equations under
e — 0.
N N
OF, (k,w,7) . OF,(0,w, 1)
Imm T — 7 n(k, .
g::o 97 Jw (] B Ez: w,T)

Substituting (17), we finally obtain that the asymptotic mean number of customers of the
nth class in the orbit z:(7) is determined by the equation

dr(t)
ar a(z(7)),

where

a(z) = An(1 — Ro(z)) — Ro(z)z (22)

has the meaning of the drift coefficient of the random process under study.
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3.3.2. Second Asymptotics. In system (5), we make substitutions

Ho(0,10.8) = 2 00 )exp { 22 (,0) |

Hy (ks g, 2,t) = HZ (k,up, 2, t) exp {‘w—nx(ant)} .

On
Further, to simplify the expressions, we will write x instead of z(o,t).

So we derive the following system of equations

(2)
Oty (0, up, t) + jupa(z)H® (0, un, t)
ot
OHP (0, up, )

N
= —HP(0,un,t) | A + > Ky | +jon B0

v=1
v#EN
N (2)
Hn ka (3] 7t
—xHT(LQ)(O,un,t)—I—Za (au 0 ),
k=1 o

8H¢(L2) (k,up, z,t)

funa(z)HP (k, uy,
S junale) HY (R ug, 2, 0)

. OHS (kyun, 2, t
= An(ejun — 1) ',(12)(143,’11,“,2,15) + (62 ) (23>

OHY (k,ua,0,0)

3 + Hr(f) (0, un,t)Br(2)kk, k#n,
z

OH? (n, up, 2,1)
ot

+ jupa(e)HP (n, up, 2,t)

OH? (n, up, 2,1)
0z

= )\n(ejun - 1)H'r(z2) (nauna Z)t) +

B 6H7(12) (n, U, 0,1t)

ZH2(0,u,,) By,
S M (0,0, 1) B (2)

OHP (0, up, t)
ouy,

—Jjon e Jun

By (2) + e 7 HP (0, uy, )2 By (2).

From consistent equation (6), we have an additional equation

(2)
Mnaiw + juna(z)HE (un, 1)
(24)
OH (0, un, )

N
= (/' — 1) ()\n ST HPD (kup,t) + jo,e P

— e T HP(0, u,,, t)x) .
k=1

Let us denote
2 2, _
Op=¢",0pt =€t =17, Uy = cw,

H£L2)(07un7t) = F7§2) (O,’U),T,E), Hr(LQ)(kaunaZat) = F7§2) (k7w7277-7 E)'
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From equation (23), after some transformations we obtain the following asymptotic equations

2 8F¢(L2) (0,w,T,¢€)

+ jewa(x) F{? (0,w, 7€)
or

N (2)
F'fl I v 1
— —F7§2) (0,w,T,e) | An + Z Ko —i—jsa (gww 7€)

v=1
vEN
oF? k w,0,7,¢€)

+0(e),

—xF( (0,w,T,¢) —I-Z

9 8F7g2) (k,w,T,z,¢)
€
or

N2
=\, (jsw + @) F7§2) (n,w,z,1,e) + FT(LQ) (0,w, T,e)Bg(2)kk

+j€wa(x)FT(L2)(k:,w,T, z,€)

oF? (k ) OFP (k,w,0,7,¢) %)
n y W, 2, T, E n , W, U, T, € 2
— k
Oz Oz + O(E )7 ;é n,
(2)
Fn ) oy Ly <~y .
528 (r,,7,2,€) + jewa(z)F® (n,w, 7, 2, €)
or
N2
= (jsw + @) F® (n,w, z,7,¢)
(2) oF® (n,w, z,7,¢€)
+ M Fn7 (0, w, 7, 6) By (2) + 9,
6F7(12) (n,w,0,7,€) . . 6F7(12) (0,w,T,€)
- P — je(1 — jew) 50 B,(z)
1 ( ew)? F(Q) O(£2
JEw + 5 (0,w,T,e)xB,(2) + O(7).
From equation (24), we have
() 9
295 (W) + jewa(z) EP (w, 7,¢) = (jew + ew) )
or 2
N (2)
F'fl s Yy by
(Ankgl FO (k, w,,e) + je(l — jew)? (gww 7¢) (26)
N2
—x (1 — jew + @) E2 (0, w,, z—:)) .
Let us find the solution of system (25)—(26) in the following form
FP(0,w,7,¢) = ®(w, 7)(Ro(x) + jwe fo(z)) + O(?),
(27)

F'r(z2)(kvwa 277—75) = (b(va)(Rk(xvz) —I—]wsfk(x,z)) + 0(52)‘
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Substituting the expressions above in system (25)—(26) and taking into account (16) and (18),
we obtain the following equations after some transformations and under ¢ — 0
8fk (x,0) 0®(w, T)/0w

= () Rol) — Ro(e) =, Ges

—fo(z) | An + Z Ky +x | + Z
v;én
5fka(z,2) _ 8fka('j’0) + fo(x)kkBi(2) = R(z, 2)(a(z) — \n), &k #n, (28)

= Ry, (z,2)(a(z) — \p) + xRo(x) By (z) + Ro(x)

0P (w, ) /0w

wd(w, 7) Bu(2).

Comparing equations (28) with (18) and using the principle of superposition, we conclude that
the solution of (28) can be written as

fo(z) = CRo(z) + go(w) — ¢0(@%,
0P (w, ) /0w

w®(w, 1)

(29)
fk:(xvz) = CRk(x>Z) +gk(xvz) - Cbk(x?'z)

9

where C' is normalizing constant and functions gi(z,z) and ¢ (x, z) are defined by the following
equations systems

N N 5 0
—o(z) | M+ }_:1 Ko+ | + k; % = Ro(z),
e ! (30)
ad)ka(:’ 2 _ 8¢k6(:,0) + ¢o(x)krBr(z) =0, k #n,
Poul0,2) _O0nBD) | (rn -t 2)60(2)Ba(2) = ~Rofa) Bal),
N N
~g0(x) | A+ D Hhuta [+ w = a(z) R (),
vn k=t
(31)
Ol 2) OOy g apmaBe(2) = Rude, ale) ~ M), k£,
P00 2) Q0N 4 o)+ ) Ba(2) = Rl 2)alz) = M)+ 2Ro(2)Ba(2).
For uniqueness of the solutions, we supplement the systems with conditions JXV: or(x) = —do(x)
k=1
and % gx(x) = —go(x). Then it can be written that
k=1
0 0
where under z — oo
or(2) = Ry (). (32)
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In the same way from the system (31), we obtain:

z

ou(0:2) = (el [ (1= By + (a(e) —~An) [ (Rulers) — R & #m,
0 0

9u(@.2) = O+ 2)90(2) | (L = Bu(y))dy

0
(0(e) = M) [(Rato) — Ralol)dy — aofe) [(1 - Boluis
0 0
where

An = a(@) (A + )62 + 2200 + (N — a(z kabk

go(x) = Ro() o (33)

N
2 [ 14 (O + 20 + 3 kbl
k=1
v#EN
and bV = [* 2dBy(z), b\?) = [ 22dBy(x).
The last step of the asymptotic analysis is finding of function ®(w, 7). For this, we substitute

substitutions (27) into equation (26). After some transformations, we write the resulting equation
under € — 0.

0®(w,7) (jw)?
or 2 (w,7)

x (a<x> 1 22(Ro() — go()) — 2hngo(x) + (260(x) (= + An) + 2Ro(x))

0P (w, T) 1 ) '

w  w®(w,T)

In this way, we derive that ®(w, 7) defines by the equation

0®(w,7)  0P(w,T) , (jw)?
5 =V 5 a'(x) + 5 O (w, 7)b(x), (34)
where
b(z) = a(z) + 2z(Ro(z) — go(z)) — 2Ango(z). (35)

Using the inverse Fourier transform to (34) and denoting P(y,7) = \/% T2 eI (w, 7)dw, we

obtain that oOP(y.7) 5 | 52
or\y,T) _ 9 ' -9
or - 8y (P(y,T)yCL ($)) + 9 8y2 (P(y,T)b(ZE)),

which is Fokker—Planck equation for the probability distribution density P(y,7) of diffusion pro-
cess y(7), which is the solution of the stochastic differential equation

dy(t) = y(r)a™(z)dr + /b(x)dw(T)

3.4. Result of Asymptotic-Diffusion Analysis

Combining the results of both asymptotics, we introduce process z(7) = z(7) + /o, x y(7),
which is the solution of the stochastic equation

dz(1) = a(z) + \/opb(z)dw(T),

where w(7) is Wiener process.
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The probability distribution density P(z,7) of diffusion process z(7) satisfies the Fokker—Planck

equation
OP(z,7) 0 1 9
=) __Z(p i
2T = (P T)al2) +
Then the stationary probabilities of process z(7) are expressed as

_C On 7 a(x)
P(z) = @exp (?O/mdx) .

Returning to the study purpose, the result of the method of marginal asymptotic-diffusion
analysis is approximation of the probability distribution of process i, (¢) (the number of customers
of the nth class in the orbit) in the following form

P(z,7)o,b(2)).

Plin) ~ —C exp % 0/ %dx , (36)

b(onin) x

where C' = const is calculated from normalization condition } 5°_y P(i,) = 1.

Note that formula (36) can be used for all classes marginal distributions, but it is worth remem-
bering that parameters a(x), b(x) in (22) and (35), as Ri(x), gr(x), ¢r(x) in (20) and (32)-(33)
will be different for each class.

Thus, the asymptotic marginal probability distribution of the number of the marked class cus-
tomers is dervied, that allows us to find all necessary characteristics of the system under the con-
sideration, for example, means of the number of customers of each class in the orbit m,, = k,, — Ay,
the probability of the server downtime ry according to formula (12), moments and quantile of the
desirable order, etc.

4. CONCLUSION

In the paper, a multiclass RQ system of M, /GI,/1 type is studied. The original method
of the marginal asymptotic diffusion analysis is proposed. As the result, the expression for the
approximation of the probability distribution of the number of the marked class customers in the
orbit is obtained, that makes possible to assess any characteristics of the system. Note that the
study does not establish any criteria to mark the class, thus, the obtained formulas can be used
to calculate the marginal probability distribution of the number of each class customers. In future
research, the asymptotic results can be applied to modeling and optimizing real telecommunication
networks.
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